
Example-l: ( M a l i k i ) L e t

M£112) d e n o t e t h e s e t

o f a l l 2 × 2 m a t r i c e s

w i t h r e a l e n t r i e s .

2

Let A- = [aisili.in ,

2

B - [ b i n ] i , ; : c , and

2

( = ( c i s ; ] i , j = , be

i n Ma 1112) .

v i i i . i n



A ' B i s t h e 2×2 m a t r i x

w i t h

(A.B)i,j=(ai,,b¥µ
h t i f i , i t 2 .

Unde r these operations,
1421112)

i s a r i n g !

Chech! Since ( I R , t ) i s a commutative

g r o u p a n d a d d i t i o n i s

component-wise, (Malik) s t )

i s a commu ta t i ve g r o u p .



Let's check distr ibut ivity i n

o n e d i r e c t i o n :

A ( B t c ) =[a" 92]. [bitten
b i a t e ,

b , t e a l b 22 t

(22
]

a , 922

(an (bu t 4 ) t 9 2 (batch))
(911421-42)+92422*22))

I
µ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
,,,,,,,,]

[multiplication distributes o v e r

a d d i t i o n i n 112

§ub
u

t a i l c u t 9262149124) (Gilby
1-91142+92622+9262
)

( ↳ l b a t h 2141 tazzbut 922121) (aus,

ztanastau
bzztazzcz}



1 definit ion o f " t "
i n MU I R )

= §,
b y + 9 1 2 b a l l (ail4 2 t a , 2622)

(ai l b i l tazzbz,) (9442

taub]

+ µ, c u t a ,
c a l l ( a " 4 2 t 92C

)
(9441 f a i r ( u ) (92142

t a n (22)

= A - B t A - c
-



Associat iv i ty

N o t e t h a t i f A E l l a ( I R ) ,

A = [9"
9 1 2 ) ,

9 2 1 9 2 2

A def ines a
(linear) function

S a :
1122-71122,

Sa ( ( I ) ) = A -C's]

= [94×+912
9]a , x t 922 Y

for × , y e I R



I f B E M a c h ) , t h e n

[ 1 % 3 ] .
T h e n a s s o c i a t i v i t y o f

m a t r i x m u l t i p l i c a t i o n i s

equiva lent t o associativity

o f f u n c t i o n composit ion,

w h i c h w e k n o w t o b e true!



= SERBA){(BA)
= scolseosa))"÷
÷÷÷

o f function

= (Sc 05,3) osa
✓

= ( s o s ) OSA

= Scoria

s o Sc(Bay = {CB)-A

⇒ c . (BA) : ( C B ) - A



W e n e e d t o prove t h i s

l a s t implication.

Suppose SA = S , w h e r e

D = [b" b'2) .

b y 622

T h e n i f { e y e , } i s t h e

standard b a s i s o f 1122,

(Sae,)-e,

= ([911
9 1 2

9 2 1

922]( f ] ) -(f)

=cc:".ie:D



= a l l '

s i m i l a r l y ,

( S a e z ) - e z
= 922

( S a e z ) - e ,
= a , a

( S a e , ) - e , = 921

I f Sa = SB , t h e n H i , ;

I t is's £ 2 ,

S a E i = S B e i ,
a n d s o

(SA c o ) . e ; = ( s i ze ) -e j .



T h e l e f t - h a n d s i d e i s

b j , ; a n d t h e r i g h t -hand

s i d e i s A j , i ,
s o w e get

b j , i = a ; , i t K i s i E 2

⇒ A = B .

I t o n l y r e m a i n s t o prove t h a t

SBosa = s
B A

w e c h e c k t h i s a t t h e

l eve l o f v e c t o r s .



(5,305A) [ 'S)

= SB (Sa ( j ) )

= Sps ( A ' [ ; ) )

= SB ([all
X +9129))

A z , X t 922Y

= (b
i,

(auxtary) t bialy,#Say)

,

by (auxtai , g ) t b ,

(921×+
92297
)



§b,
,

a l l Xtb, , 9129
t b y 92, X t 429229g,,,,,,,,,,,,,,,,,,,,,,,,,,,,

]

= ((buaytbif
y,)X

t (4921-5
12922))

(ba,a l l tbzzaz,) X t ( b 2,912+622922)Y

§" " " t b " " " b" " 2 + b"""]
¢]

b2, a , t bag 92 1 b 2192+622922

i n

= (B'A) [g ) = SBA [5) V



Recall: (unital a n d commuta t i ve rings)

A r i n g R i s s a i d t o be

commuta t i ve i f f x ,y E R ,

X.y=y.#

R i s s a i d t o b e u n i t a l

i f I IRER s u c h t h a t

1rix-x.ge#
h t X E R .



I n t h e c a s e t h a t R i s

u n i t a l , x e r i s s a i d t o

b e a u n i t i f I Y E R ,

×y=y#µ



Example2y: ( a n o n - u n i t a l r i ng )

Le t R be the e v e n

i n t e g e r s .
A l l ring-theoretic

properties, s u c h a s the

commutative group s t r u c t u re ,

a r e inherited f rom 12 .

T h e th ings w e should check

a r e t h a t t h e operations

a r e binary !

L e t x , y E R . T h e n

F n , M E 2
,

X = 2 n , y = 2 m .



T h e n x ty=2nt2m=2Cntm) E R

X . y =(2n)-(2m)=2(2mm)ER

s o R w i l l b e a r i n g .

B u t there does n o t e x i s t

1 , E R , s i n c e i f Z E R ,

Z - x = x b x E R ,

w r i t e 2 = 2 1 fo r L E I .

T h e n

( I e ) . ( 2 h ) = 2 n



( L e - 1 ) C a n ) = 0

⇒ 2 e - 1 = 0

s i n c e w e m a y choose n = ) ,

e - ' 1 2 , Z & R .

S o n o s u c h e l e m e n t

c a n e x i s t !



Definition : ( r i n g homomorph i sm (isomorphism)

Let R , S be r i n g s . A function

4 : R s s
i s s a i d t o b e a

r i n g homomorphism
i f t f × , YER ,

l ) @ ( X t s ) = C l l x ) t @ ( y )
f f

a d d i t i o n i n add i t i on

R i n S

a n d

2 ) @( x . g ) = a x ) . @( y )
f 9

multiplication mul t ip l i ca t ion

i n n i n s



I f , i n a d d i t i o n , Cl i s

b i j e c t i v e , w e s a y @ i s

a r i n g isomorphism an d t h a t

R a n d S a r e isomorphic (as rings).



Definition : ( f i e l d ) A r i n g K

i s s a i d t o b e a f i e l d

i f K i s a commutative

r i ng s u c h t h a t e ve r y x e k

w i t h X n o t e q u a l t o

t h e add i t i v e i d e n t i t y i s

a z i t .



Famil iar f i e l d s : t h e r a t i o n a l numbers

Q (inerse o f f i s

§ fo r a t 0) ,
the

r e a l n um b e r s
112 (inverse

o f X i s ¥ fo r Xto)

a n d the complex

n u m b e r s ¢ (inverse

o f Z E E i s ¥ -

b u t t h i s requ i res

complex conjugation
t o

see t h a t ¥ EG!)


